We show the existence and uniqueness of a massless supersymmetric ground state wavefunction of a SU (2) matrix model in a bounded smooth domain with Dirichlet boundary conditions. This is a gauge system and we provide a new framework to analyze the quantum spectral properties of this class of supersymmetric matrix models subject to constraints which can be generalized for arbitrary number of colors.
Introduction
Determining the ground state of the (0 + 1) matrix models is a longstanding open problem [1, 2, 14] . This is a subject of interest in different areas, including: matrix models [4] , Yang-Mills theories [5, 6, 7] and M-theory [2, 8, 9] . In this paper we show the existence of the ground state wavefunction of a matrix model which takes values on a compact space and is subject to the constraints associated to gauge symmetry. This model will serve as a benchmark in order to illustrate a new method to demonstrate the existence and uniqueness of massless supersymmetric ground state wavefunctions of supersymmetric matrix models at finite temperature.
Boundary conditions can change dramatically the spectral properties of field theories and at the same time they may imply that certain symmetries may be partially or even totally broken. Indeed, for supersymmetric theories (N = 2) only periodic, Dirichlet and Neumann boundary conditions preserve partial supersymmetry N = 1, [10] . These type of models can be of interest to test certain aspects of AdS/CFT dualities, such as characterizing black holes at finite temperature. Yang-Mills or QED fields on a box have been largely considered, for example in bag-models or compact QED models [11] , to study confinement properties of hadrons, phase transitions and chiral symmetry breaking. In a similar fashion as QCD, compact QED in a strong-coupling region exhibits charge confinement as well as spontaneous chiral symmetry breaking. Both these aspects are thought to be related to the existence of monopoles. Many authors have studied this problem in the past, see for example [12] and the references there in. The nature of the phase transitions in compact QED has in fact been under debate for a long time.
The deconfinement temperature of finite-temperature compact electrodynamics in 2+1 dimensions has been shown to be insensitive to external fields [13] . Matrix models of the compact QED are likely to be relevant in the analysis of these theories, subject to a slowmode regime. Effectively, they serve as toy models of such a phenomenon. From the M-theory point of view, SU (2) matrix models correspond to a supermembrane (regularized via SU (2)) propagating in a 4-dimensional Minkowski space-time [14, 3] . The SU (2) ground state wave function has been examined also in [15, 16, 17] . The question of whether a unique ground state with zero energy exits for a Minkowski spacetime was not completely settled in [14] .
In [18] we addressed the existence and uniqueness of the ground state wavefunction for unconstrained models restricted to Dirichlet boundary conditions. Determining the ground state wave function from the point of view of the supermembrane is an open question which was posed when the model was originally formulated. This is expected to corresponds to an 11D wavefunction constructed in terms of the 11D supermultiplet of supergravity. The hamiltonian of the supermembrane has two independent contributions one associated to the movement of the center of mass in 11D Minkowski the space-time and a second one associated to the supermembrane excitations. The existence and uniqueness of the ground state wave function of the 11D supermembrane in the case when the massive excitations are forced to lie in a compact space with Dirichlet boundary conditions will be analyzed elsewhere [19] .
In this paper we examine a particular model, the SU (2) gauge supermembrane. Our goal is to draft the relevant step towards finding the ground state wave function of the regularized supermembrane on a 11D flat background 1 , assuming that the center of mass of the supermembrane propagates freely in the 4D spacetime but its membrane excitations are confined to a compact space of arbitrary large radius R. We will show that, given a Dirichlet boundary condition, there exists a unique massless ground state wave function for the mass operator of the model. The paper is organized as follows. In Section 2 we present the SU (2) matrix model, the mass operator, the constraint associated to the local SU (2) symmetry and the supersymmetric algebra. In Section 3 we formulate the Dirichlet problem. In Section 4 we prove the existence and uniqueness of the ground state. A final section is devoted to highlighting our main conclusions.
The SU (2) regularized matrix model
The model we will consider was introduced in [14] and it arises from the 11D mass operator by taking all the fields to zero X mA = λ A α ′ = 0 for m = 1, . . . , 7 and α ′ = 1, . . . , 7, except those transforming under
In conjunction with the light cone gauge fields X + and X − , those fields describe a regularized supermembrane propagating in a 4D space-time. We will also restrict to the simplest nonabelian gauge symmetry, given by G = SU (2). The ground state wave function expressed as a superfield admits and expansion in the superfields that does not admit a factorization. The solution may have an even or odd number of odd grassmanian coordinates. The even ones have the expression
This is constructed in terms of four functions (φ 0 , φ A ) with A = 1, 2, 3. The associated hamiltonian is
subject to the first class constrain ϕ A |Ψ = 0 where
The associated supercharges are the following
and the superalgebra satisfies the conditions
3 Existence and uniqueness of a solution in a compact domain
We now consider the existence and uniqueness of the ground state wave function for a system that is restricted by a first class constraint given by the SU (2) gauge condition. We proceed in a similar fashion as in [18] , but the presence of a constraint implies an added difficulty to the wavefunction analysis. Let us firstly show that there is no need to solve the constraint in this type of matrix models explicitly. This simplifies the arguments significantly. We use the representation of the wave function in terms of an anticommuting grassman coordinate (Lemma 2) or its representation in the Fock space (Lemma 3 and Theorem 1) when convenient. The constraint ϕ A Ψ = 0 defines a closed subspace of the Sobolev Hilbert space H 1 (Ω). Denote by X the closure of this subspace in the norm of L 2 (Ω). For the SU (2) regularized supermembrane in four dimensions (RSM) we are interested in the following homogeneous problem. Given g ∈ H 2 (Ω) ∩ X, find Φ ∈ H 2 (Ω) such that
Here V is the potential of the hamiltonian H of the RSM. We call Φ the ground state wavefunction of the hamiltonian in Ω since it corresponds to the restriction to Ω of the ground state wavefunction of the hamiltonian in R D(N 2 −1) , with D = 2 and N = 2. Besides, Φ minimizes the Dirichlet form, associated to the hamiltonian of RSM among the states which satisfy the constraint and the boundary condition. Let D(Λ, Φ), with Λ ∈ H 1 (Ω) and Φ ∈ H 1 (Ω), be the Dirichlet form associated to the operator −∇ 2 + V . It is defined by
due to the supersymmetric structure of the mass operator. It then follows
Let Φ ∈ H 1 (Ω) ∩ X, φ = g on ∂Ω be a solution of the Dirichlet problem (7) D(ϕ, Φ) = 0 for all ϕ ∈ H 1 0 (Ω). Then for any Λ ∈ H 1 (Ω) ∩ X, Λ = g on ∂Ω we obtain Λ − Φ = ϕ,
we now use (6) and (7) to get
Consequently D(Φ, Φ) is the minimum of the values of the Dirichlet form evaluated on the states Λ ∈ H 1 (Ω) ∩ X, Λ = g on ∂Ω. This is analogous to the Dirichlet principle in Electrostatics. We are going to show that there exists a unique Φ solution to the Dirichlet problem (7), moreover the solution φ ∈ H 2 (Ω) ∩ X. We may then integrate by parts in (7) to obtain a unique solution to (3) . The minimum of the Dirichlet form is then obtained at the solution of problem (3). Let f := (∇ 2 − V )g. The following inhomogeneous problem is a reformulation of (3). Find Ψ ∈ H 1 0 (Ω) ∩ H 2 (Ω) such that
If Ψ is a solution of (9), then Φ = Ψ + g is a solution of (3).
The main result of this work is given by the following theorem:
There exists a unique solution for the problem (9) which lies in
The proof of this theorem relies on two auxiliary lemmas.
Lemma 2. Let Q and Q † be the supercharge operators associated to the RSM. If Ψ ∈ H 1 0 (Ω) satisfies the conditions
Proof. Assume (10) . According to the conditions of the supersymmetric algebra, we have
By elliptic regularity, it immediately follows that Ψ ∈ H 1 0 (Ω) ∩ H 2 (Ω). Moreover, (10) , which originally held true in Ω, can be extended smoothly to the boundary, ∂Ω.
Define ρ 2 = Z A Z A and Ψ ρ 2 = ∂Ψ ∂ρ 2 , the normal derivative at
Then using (10) on ∂Ω we obtain
Rewriting the latter in terms of Ψ ρ 2 , and using that all the tangential derivatives at ∂Ω are zero, gives
From this we conclude that
for any R 2 = 0. Consequently Ψ ρ 2 = 0 on ∂Ω.
We therefore have Ψ = 0 and Ψ ρ 2 = 0 on ∂Ω. By virtue of the Cauchi-Kovalewski Theorem, it follows that Ψ = 0 in a neighborhood of ∂Ω. Since V is analytic in Ω, in fact Ψ = 0 in Ω.
Remark: The regularity properties of the Dirichlet form ensure that
Proof. For the hamiltonian of the RSM, D is coercive since V is bounded from below in Ω, see [20] . We may then use the theorem (7.21) from [20] , which states that Ψ exists, provide the subspace
From the regularity property of the Dirichlet form, we obtain ξ ∈ H 1 0 (Ω) ∩ C ∞ (Ω), hence (−∇ 2 + V )ξ = 0 in Ω. Consequently Qξ = 0 and Q † ξ = 0 in Ω. According to Lemma 2, we conclude that ξ = 0 in Ω, hence K = {0} is orthogonal to f . The regularity properties of elliptic operators ensure that Ψ ∈ H 1 0 (Ω) ∩ H 2 (Ω).
The proof of Theorem 1 is completed as follows. According to Lemma 3, there exists a solution Ψ ∈ H 1 0 (Ω) ∩ H 2 (Ω) to the Dirichlet problem (12) . By integration by parts
Given χ ∈ C ∞ 0 (Ω) we consider
then, using that (−∇ 2 + V ) commutes with ϕ A , we get
for all η ∈ C ∞ 0 (Ω) and hence, taking limits, for all η ∈ H 1 0 (Ω). Consequently ϕ A Ψ = 0, that is Ψ ∈ H 1 0 (Ω) ∩ H 2 (Ω) ∩ X is a solution to the problem (3). It is unique, since K ⊂ {0}.
Conclusions
We presented an SU (2) gauge supersymmetric matrix model whose center of mass propagates freely in a 4D spacetime with its transversal oscillations restricted to a compact space subject to Dirichlet boundary conditions. We establish the existence and uniqueness of the massless ground state of the theory. Our analysis relies heavily on the property that the constraint is of first class, which is the standard case of gauge theories. Extension of this analysis to matrix models subject to second class constraints are worth of further study, and are beyond of the scope of the present paper.
Our proofs simplify significantly, due to the fact that we do not require to solve explicitly the constraint. The approach we have illustrated here can be extended in order to determine the ground state wavefunction of other matrix models associated to supersymmetric gauge systems, such as AdS/CFT at finite temperatures or QED matrix models in compact spacetime.
